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Abstract 
 
A sequence of non-negative integers is called a kB sequences if all  
the sums of arbitrary k elements are different. In this paper, we will  
present a new upper bound for 3B sequences . 
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1. Introduction 
 
Let 1{ } ,
r
ia 1 20 ,ra a a    be a sequence of non-negative integers, k  a positive 
integer, if all the sums of arbitrary k elements of   are different, we call   a 
kB sequence . Suppose n is a arbitrary positive integer, denoted by ( )k n  the maximum of 
the sizes of the kB sequences contained in [0, ]n .  
For 2,k   Erdos, Turan [3] and J. Singer [7] provided an upper bound and a lower bound 
respectively: 
1/ 2 1/ 2 1/ 4
2(1 ) ( ) ( ).n n n O n                       (1.1) 
B. Lindstrom [5] gave an improvement for the upper bound 
1/ 2 1/ 4
2 ( ) 1n n n    .                          (1.2) 
For 3,k   S.C. Bose and S. Chowla [1] proved 
1/3
3( ) (1 ) ,n n    
and we presented an upper bound [4] 
1/3
3 2
2
1( ) 1 4 7
6log
n n
n
          
.                (1.3) 
For 4,k   B. Lindstrom [6] shown 
1/ 4 1/8
4 ( ) (8 ) ( ),n n O n                         (1.4) 
J. Cilleruelo [2] gave a new upper bounds of 3 ( )n and 4 ( )n  
1/3
1/3
3 4
4( ) ( )
1 16 /( 2)
nn o n
                            (1.5) 
1/ 4
1/ 4
4 4
8( ) ( ),
1 16 /( 2)
nn o n
                           (1.6) 
In this paper, we will show an improved upper bound over (1.3) for 3( )n   
 
Proposition 1. 
                           1/33( ) 3.962 1.5n n   .                         (1.7) 
 
2. The proof of main result 
 
In this paper, it will be assumed 1{ } ,
r
iaS 1 20 ra a a n      is 3B sequence . 
Denoted by 3max{ ( 1.5) / |1 }ii a i r     , and without loss the generality, we may assume 
that 3.962, ra n   , and 3( 1.5) / rr a   . 
 
At first, we prove a simple lemma 
 
Lemma 1. Suppose , , , ,a b c a b c  S and , , ,x y z x y z  S , if  
a b c x y z     ,                           (2.1) 
then , { , } { , }.c z a b x y   
 
Proof.  The equation (2.1) is rewritten as  
a b z x y c     . 
By the definition of 3B sequence , it follows 
{ , , } { , , }a b z x y c . 
And so, 
, { , } { , }.c z a b x y                              
 
We introduce some symbols and notations will be used in this paper. Suppose that , ,X Y Z  are 
three sets of integers in the interval[0, ]n , define  
0
1 0
2 0
( , , ) {( , , ) | , , , },
( , , ) {( , , ) | ( , , ) ( , , ), 0},
( , , ) {( , , ) | ( , , ) ( , , ), },
X Y Z x y z x X y Y z Z x y z
X Y Z x y z x y z X Y Z x y z
X Y Z x y z x y z X Y Z y z x n
      
     
     
      (2.2) 
and  
0
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2 2
( , , ) { | ( , , ) ( , , )},
( , , ) { | ( , , ) ( , , )},
( , , ) { | ( , , ) ( , , )}.
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    
    
    
              (2.3) 
In the case ,X Y Z   we will simply write ( , , )i X Y Z and ( , , )i X Y Z as ( )i X  and 
( )i X  0,1,2,i  respectively. 
Besides, in the discussion we will take into account the other two classes of number sets 
 
 
3
4
( ) 2 | , , 0 2 ,
( ) | .
x y x y x y n
x x
      
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S S
S S
 
And define 
0 4
( ) ( )i
i 
  S S  
By Lemma 1, we know that | ( ) | | ( ) |, 0,1, 2.i i i   S S  and ( ) ( ) ,i j  S S  for 
0 4i j   , hence, 
0 4
| ( ) | | ( ) |i
i
n
 
   S S .                        (2.4) 
Obviously, 
0 43
| ( ) | , | ( ) | .
r
r      S S                       (2.5) 
Let [ / 2],m n  1 2[0, ], ( , ],m m n S =S S =S  denoted by 1 2, .s t S S  
For 1, , ,i j i ja a a a S  then 0 2 j ia a n   , and if 2, , ,i j i ja a a a S then 
0 2 i ja a n   , hence, 
3
( ) / 2 ( 2)( ) 2
2 2 2 4
s t s t r r                     S .             （2.6） 
In the next, we will mainly estimate 1 2| ( ) | | ( ) |  S S . 
Denoted by {0,1, , }n  ,  for 0 ,i j k m     let 
( , , ) {( , , ), ( , , ), ( , , ), ( , , )},
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) {( , , ), ( , , )}.j i j n j j n j n i   
 
It is easy to know that  
2 1( , , ), ( , , ) ( ), ( , , ), ( , , ) ( ).i j k i j n k k n j n i n k n j n i          
That is, 
1 2( , , ) ( ( ) ( ))A i j k     . 
Let  
0 0
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i j k m i j k m
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Suppose that ( )t is the characteristic function of the set S , then it has 
( , , ) ( )
| ( ) | | ( ) | ( ) ( ) ( ), 0,1, 2.
i
i i
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
 
Lemma 2.  Let 
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Denoted by     , then 0,  and 
3 23 7 .
12 2 8 12
r r r                                (2.7) 
 
Proof.  
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On the other hand, it has 
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i.e. 
3 23 7 .
12 2 8 12
r r r                                   
Corollary 1. 
 1/33( ) 4 1.n n                              (2.8) 
 
Proof.  It is easy to verify that (2.8) is true for 6,n   so we may assume that 4r  . Together 
with (2.4), (2.5), (2.6) and (2.7), it has 
3 23 7 ( 2) 1
3 12 2 8 12 4
r r r r r r r n              
And 
3 25 / 2 4r r r n   .        
So, for 4r  , it follows            
3( 1) 4 .r n                                 
 
Denoted by [ ]i and [ ]i  the i-th component of  and  respectively, 1, 2,3,4,i  e.g. 
0
[1] ( , , )
i j k m
i j k
   
  . We know 2 1( [1] [2]) ( ), ( [3] [4]) ( ).        S S  
Let 
2 1( ( ) \ ( [1] [2])) ( ( ) \ ( [3] [4])),           S S  
Equivalency, 
1 2 1 2( ( ) ( [1] [2])) ( ( ) ( [3] [4])) ( ( ( ) ( )) )                  S S S S . 
We have the following estimation for   
Lemma 3. 
3( 2.5) ( 1)
415.38 4
r r r   .                     (2.9) 
 
The proof of Lemma 3 will be delayed in the later. 
 
The Proof of Proposition 1.  It is easy to verify directly that (1.7) is true for 16n  , so we may 
assume that 17n  , i.e. 5r  . Combine (2.4) ~ (2.9), it has 
3 2 33 7 ( 2) ( 2.5) ( 1)1 .
3 12 2 8 12 4 415.38 4
r r r r r r r r rr n                      (2.10) 
It is easy to know that 
2
2
r   , hence 
3 2( 3.54 3.15 8.08) .
3.962
r r r n     
For 5r  , it follows 
3( 1.5) 3.962r n  . 
The proof of Proposition 1 has been finished.                                         
 
In the next, we will prove (2.9). 
For arbitrary integer , 0 ,x x n  define 
                 if  
          if  .
x x m
x
n x x m
     
Define  |x xS= S ,  2 2| .x x S S  
 
Lemma 4.  For a positive integer , ,q q m  denoted by 1 2[0, ], [0, ],q q   A S B S   
,  A B . Let 
            0 0 2 1( , , ) ( , , ) ( , , ) ( , , )    A A B A B B A A B A B B ,  
then 
2
2
1 1( 2 4) ( 4),          if   ,
4 12
1 1(2 4) ( 4),           if   . 
4 12
      
      
            
        (2.11) 
             
Proof.  Suppose that    1 2 1 21 1, , , .i ia a a a b b b b          A B For an 
integer ,1k k   , denoted by  
   | , , | ,k i i k i k i i k ia a b n a a a b n a       A A A A .   
Suppose ,k kA and k k   A , then there may be    1 1,k kk i k ia a   A A . It is 
clear that for any two elements , ,i j k i ja a a a A , then 2( , , ) ( , , ),i j ka a b  A A B and for  
any two elements , ,i j k i ja a a a A , then 0( , , ) ( , , )i j ka a b  A A B . For any one element 
,i ka A and any two elements , , ,u vb b k u v  B  then ( , , )i u va b b 1( , , ) A B B , and 
for any two elements , ,1 ,u vb b u v k   B then ( , , )i u va b b 0 ( , , ) A B B . From the 
observation above, it follows 
1
1 0
1 1
( )
2 22 2
     ( 2 1)
22 2
i i
i i
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i i
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i i
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 
 
    
     

 
 
                                     
                         
 
 
. 
If ,  then  
1 1
2
2
2 2  ( 2 1)
2 2
2 2
1 1     ( 2) ( 4).
2 4 12
1 1     ( 2 4) ( 4).
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i i
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                                                   
        
    
 
 
else if ,  then 
  ( ) / 2
1 1 1
2
 ( 2 1) ( ) ( 2 1)
2 2 2
1 1    ( 2) ( 1)( 5).
2 4 12
1 1    (2 4) ( 4).
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    
  
 
  
 
Corollary 2.  Suppose that  1 ,rizS= 1 2 1r rz z z z m     , then 
37 ( 2)
96k
z k  .                             (2.12) 
 
Proof. Let kq z it is easy to know that  0 1( , , ) ( , , ) [1, ]q  A B B A B B , 
 0 2( , , ) ( , , ) ( , ]n q n   A A B A A B , and ( ) [1, ],q A ( ) ( , ]n q n  B , so, 
( ) ( ) 2 .q   A B  
By Corollary 1, we know 
3 3| ( ) | ( 1) / 4 ,| ( ) | ( 1) / 4      A B , 
Hence, with Corollary 2,  
3 3
21 1 ( 1) ( 1)(2 4) ( 4) 2
4 12 4
q              ,  if ,   
3 3
21 1 ( 1) ( 1)(2 4) ( 4) 2 ,
4 12 4
q                 if   . 
With the symmetries, it follows   
2 21 1 1 1( 2 4) ( 4) (2 4) ( 4) 4 .
4 12 4 12
q                    
By the basic inequality, the left-hand side of the formula  
3 3 2 2
3
1 1(3 3 8) (6( 1) 6( 1) ( 4) ( 4))
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7 ( 2) .
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That is,  
3 37 7( 2) ( 2) .
96 96k
z k                             
    
 
For a integers set  and a positive integer q , denoted by 
                    ( ) ( , ) | , ,0 ,q i j i j j ix x q x x x x q        . 
 
Lemma 5.  Let S  as defined before,  1 ,rizS= 1 2 1r rz z z z m     . Suppose that 
q  is a positive integer, 1,i iz q z    then 
1 2
( )(( ( ) / ) 1) ( ) ( )
2 q q
r i q r i n     S S .               (2.13) 
 
Proof. Let [ / ],d m q for each integer , 0,1, , ,t t d  denoted by [ , ( 1) ),t tq t q  D S  
1 1( ),t t D S  2t D S  2 ( )t . It is clear that for each ,1t t d  ,  
1 2
1 2( ), ( )2 2
t t
q q
            
D S D S
S S  
So, 
1 2
1 2
( ) ( )
( ) ( )
2 2 q qt
t t              S S . 
By the basic inequality,  
1 2 1 2
1
/ 2( ) ( ) ( ( ) ( )) / 2
2 2
2 2 2 2
/ 2
2 .
2
t
t t t
t
t d
t t t t
d
d
   
 
                       
     
  

D
D
 
On the other hand,  
1
( ).t
t d
r i
 
  D  
Hence, 
1 2
( ) / 2 ( )((( ) / 2 ) 1)( ) ( ) 2
2 2
( )(( ( ) / 2 ) 1)
2
q q
r i d r i r i dd
r i q r i m
          
  
S S
.  
                                                                             
 
The Proof of Lemma 3.   For iq z , if 1iz S , 1( , ) ( )ij k zz z  S , then ( , , )i j kz z z   
1 1( ) S ; else if ( , )j kz z   2( )iz S , then 1( , , ) ( [2])i k jz n z n z     . If 2iz S , 
2( , ) ( )ij k zz z  S , then 2 2( , , ) ( )k j in z n z n z    S ; else if 1( , ) ( )ij k zz z  S , then 
( , , )j k iz z n z   2 ( [4])  . Hence, 
1 2
1
( ) ( )
i iz z
i r 
   S S . 
Apply (2.12) and (2.13) by taking , 1, 2, , ,iq z i r    respectively, it follows 
1
3 2
1 2
( ) ( ( ) / 1)
2
7 ( 1)     ( 2 )
192 4
i
i r
i r
r i z r i n
r ri r i
n
 
  
    
     



 
2 4
3
7( 2) (( 2) 1) ( 1)
192 60 4
( 2.5) ( 1) .
415.38 4
r r r r
n
r r r
      
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